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Learning Outcomes — On successful completion of this module, students should be able
to:

1. | Demonstrate understanding of the definition of a function and its graph.

2. | Define and manipulate exponential and logarithmic functions and solve problems
arising from real life applications.

3. | Understand the inverse relationship between exponents and logarithms functions and
use this relationship to solve related problems.

4. | Understand basic concepts of descriptive statistics, mean, median, mode and
summarize data into tables and simple graphs (bar charts, histogram, and pie chart).

5. | Understand basic probability concepts and compute the probability of simple events
using tree diagrams and formulas for permutations and combinations.

6. | Define and evaluate limit of a function as well as test continuity of a function.

7. | Determine the surface areas, the volumes and capacities of common shapes and 3-
dimesions figures (square, rectangle, parallelogram, trapezium, cuboid, cone,
pyramid and prisms).

8. | Find the derivatives of standard and composite functions using standard rules of
differentiation.

9. | Use the law of sines and cosines to solve a triangle and real-life problems.
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(UNIT-6) EXPONENTIAL FUNCTIONS
6.1 EXPONENTIAL EQUATIONS

An exponential equation is an equation Class Activity
involving expressions having exponents that .
are unknown. The variable is on the exponent 1) Solve 27" =9 for x

of a term in the equation. The laws of
exponents or indices are useful in solving an
exponential equation.

Laws of exponents or indices:

1) a'a’=a"’
2) (@) =a”

3) (ab)=a*b*

. (8-

a.X
5 & _gxv
) a¥ 2 2) Solve 2% =4 for x

Where a and b are positive, and x and y are real
numbers.

Note:
1) a*=a’ ifand only ifx =y

2)a"=b"ifand onlyifa="b

-3
Example 1: Solve 4 =8 for X

-3 3
Solution: 4 =8=2

(22)x—3 — 23
2(x-3)=3
2X—6=3

9
X=—
2




6.2 EXPONENTIAL FUNCTIONS AND GRAPHS

Exponential Function

The equation
f(x)=a" wherea>0,a=1

is called an exponential function. The
constant a is called the base and x is called the
exponent or power.

X
Examples: y = 2%, y = 0.52¥ |, y = G)

Basic exponential graphs

There are two cases in exponential functions.
Case1: f(x)=a* wherea>1 herea=>5

A

f [f(x)=5
3l /

4 3 -2 -1 | ] 2 3 X
3l

Case2: f(x)=a* where0O<a<1,

here g = =
2
f(X\= l\x\ 2
v J D
2-_
B e S
4 3 2 -1 4l 1 2 3X
_‘_,2.__....‘ .
-3
,_4.__

Basic properties of exponential graphs:
1) The domain of f is the set of all real

numbers (— 0, 00)

2) The range of f is the set of all positive real
numbers (0, oo).

3) All graphs pass through the point (0, 1).

4) All graphs are continuous that is, there are
no holes or jumps.

5) The X-axis is a horizontal asymptote, that
is, there is no intercept on X-axis.

6) If a>1,then a" increases as x
increases.
7) If 0<a<1,then a" decreases as x

increases.
8) The function is one to one.

Exponential function with base e

The equation f(x)=e",

where x is a real number, is called an
exponential function with base e.

Note: e =12.718 281 828 459 ...

The constant e turns out to be an ideal base for
an exponential function because in calculus
and higher mathematics many operations take
on their simplest form using this base.

Graph of exponential function with base e




Graphing of exponential functions

Example 1: Use integer values of x from -3
to 3 to construct a table of values for

1,
YZE("' )

Method : Use a calculator to create the table
of values shown below

x V¥
—3 0.01
—2 0.03
—1 0.13
0] 0.50
1 2.00
2 B.00
3 32.00

Then plot the points and join these points with
a smooth curve

|
|
|
7

Example 2: Use integer values of x from -4
to 4 to construct a table of values for

y=4—e?
Method: Use a calculator to create the table of
values shown below

X ¥
—4 3.86
-3 3.78
-2 3.63
-1 3.39

0 3

1 2.35
2 1.28
3 —0.48
4 —3.39

Then plot the points and join these points with
a smooth curve

¥

F 3

5
Mnnnsusnnnnig

\'} =X

[4 3]

o



Class Activity 2) Use integer values of x from -4 to 4 to

construct a table of values for y = 2e2 —5 and

1) Use integer values of x from -3 to 3 to
then graph this function.

1
construct a table of values for y = E(4’*) ,and

then graph this function.




6.3 APPLICATIONS IN REAL LIFE

Table-Exponential growth and decay

Description

Equation

Graph

Uses

Unlimited growth

c,k>0

LS

Short-Term population
growth (people,
bacteria, etc. ) growth
of money at
continuous compound
interest

Exponential decay

y=ce"

c,k>0

[

Radioactive decay,
light absorption in
water, glass, etc.
atmospheric pressure,
electric circuits

Limited growth

y = c(l— e"“)

c,k>0

Sales fads, company
growth, electric
circuits

Logistic growth

1+ce™

c,k,M>0

Long-term population
growth, epidemics,
sales of new products,
company growth

10




More applications of exponential function

Population growth and compound interest are
examples of exponential growth, while
radioactive decay is an example of negative
exponential growth.

Example 1: Mexico has a population of around
100 million people, and it is estimated that the
population will double in 21 years. If population

growth continues at the same rate and model of
t

population growth is givenby : P = POZE

Where, P = population at time t
Po = population at timet=0
d = doubling time

. What will be the population?

1) 15 years from now?

i) 30 years from now?
Calculate the answers up to 3 significant
digits.

Solution: We use the doubling time growth
t

model: P = POZE

Substituting Po =100 and d =21, we get

t
P =100 [221}

)] When t = 15 years ,

15
P :10({221J

P ~164 millionpeople
i) When t = 30 years ,

30
o-10q 27

P ~ 269 millionpeople

Example 2: The rate of decay of radioactive
isotope gallium 67 (%Ga), used in the

diagnosis of malignant tumors, is modelled as
t

A=A2 "

11

where A = amount at time t, Ao = amount at
time t = 0 and h = half-life.

If we start with 100 milligrams of the isotope
and it has a biological half- life of 46.5 hours,
how many milligrams will be left after

i) 24 hours?
i) 1 week?
Calculate the answers up to 3 significant digits.

Solution: we use the half decay model:
t

Al e

Substituting Ao = 100 and h = 46.5, we get

t
A=100£246-5j

i) When t = 24 hours,

&
2 465

A=100 ~ 69.9 millgrams

i) When t = 1 week = 168 hours,

168
2 46.5

A=100 ~8.17 millgrams

Example 3: If a principal P is invested at an
annual rate r compounded n times a year, then
the amount A at the end of the t years is given

nt
r
by A= P(1+Hj |

Suppose 1000 RO is deposited in the account
paying 4% interest per year compounded
quarterly (four times per year).

)] Find the amount in the account
after 10 years with no
withdrawals.

i) How much interest is earned over
the 10 year period?

Compute the answer to the nearest baiza.



Solution: i) Compound interest formula

nt
A= P(1+ 5)
n

Here P = 1000, r = 4% =0.04, n =4 and
t = 10.

4x10
A= 100{1+ %j

A=10001+0.01)*

A =1488.86 RO (rounded to nearest baiza)

Thus 1488.86 RO is in account after 10 years.

i1) The interest earned for that period is
1488.86 RO — 1000 RO = 488.864 RO

Class Activity

I) Circle the correct answer in the
following questions.

(1) The following graph describes ............

0
(a) Unlimited growth
(b) Limited growth

(c) Exponential decay

12

I1) Show your solution step by step in the
following questions.

1) Over short period of times the doubling time
growth model is often used to model population
growth:

t

P=PR,2¢

Where, P = population at time t

Po = population at timet=0

d = doubling time
In a particular laboratory, the doubling time
for bacterium Escherichia coli (E. Coli),
which is found naturally in the intestines of
many mammals, is found to be 25 minutes. If
the experiment starts with a population of
1,000 E. coli and there is no change in the
doubling time, how many bacteria will be
present after:

i) 10 minutes?
i1) 5 hours?

Calculate the answers up to 3 significant
digits.

Solution:




2) The rate of decay of radioactive gold 198

(*®8Au), used in imaging the structure of the
t

liver, is modelled as A== A2 "

where, A =amount at time t, Ag = amount at
time t = 0 and h = half-life.

If we start with 50 milligrams of the isotope
and it has a biological half- life of 2.67 days,
how many milligrams will be left after:

1) Half day?

i) 1 week?
Calculate the answers up to 3 significant
digits.

Solution:

13

3) If a principal P is invested at an annual rate
r compounded n times a year, then the amount

A at the end of the t years is given by

nt
A= P(1+£j .
n

Suppose 8000 RO is deposited in the account
paying 6% interest per year compounded half
yearly. Find the amount in the account after 5

years with no withdrawals.

Solution:



Show your solution step by step in the
following questions.

1) Simplify the following:

i)

35x+133—2x

i) e(e " +])—-e*(e"+])

2) Solve the following for x

I) 25x+1 — 95+2x

i) 82%¥+1 = 32

1
81

WORKSHEET 6

14

iV) 1Ox2+2 :102x+2

3) Graph y=-€";

[-33]



4) Cholera, an intestinal disease, is caused by
a cholera bacterium that multiplies
exponentially by cell division as modeled by
N — N e1.386t

0

Where N is the number of bacteria present
after t hours and N is the number of bacteria

present at t =0. If we start with 1 bacterium,
how many bacteria will be present in

)} 5 hours?
i) 12 hours?
Compute the answers to 3 significant digits.

15

5) If a principal P is invested at an annual rate
r compounded n times a year, then the amount

A at the end of the t years is given by

nt
A= P(1+£j .
n

Suppose 5000 RO is deposited in the account
paying 9% interest per year compounded
daily (365 days).

)] Find the amount in the account after 5
years with no withdrawals.

i) How much interest is earned over the
5 year period.

Compute the answer to the nearest Baiza



(UNIT-7) LOGARITHM FUNCTIONS

7.1 INTER-CONVERSION OF EXPONENTIAL AND LOGARITHM FUNCTIONS

Definition: Logarithm of a Number

The logarithm of a number is the exponent to
which the base must be raised to obtain that
number.

In general, log a x = n implies that a" = x.

and conversely, if x=a", then log a x=n
where,a>0,a# 1, and x > 0.

a" = x is the exponential formand logax=n
is the logarithmic form.

22=8 —> L0g.8=3
102=100 ——> L0g10100 =2
10°=1000———>  L0g101000=3

Class Activity 1

1)  Write each of the following in
logarithmic form:

(i) 2¢=16

(ii) 33 = 27

(iii)5° = 125

(iv) 3=+/9

16

1 4
V) 525

2) Write each of the following logarithms
in exponential form:

(i) log»16=4
(ii) log 4 64= 3

(iiii) log 10 1000000 = 6

. 1
(iv) log,,5=

1
() log, =2




Properties of Logarithms

If a, x and y are positive real numbers, a =1
and b is a real number then:

1) log,1=0
Since a’=1,then, log,1=0
Example : log2 (1) = 0 and logzs (1) = 0, etc.

2) log,a=1

Since @ = a, then, log,a=1
Example:log22=1 and log20=1
3) logaxy = logax + logay

Examples: a) log,(8x4) =1log, 8+ log, 4
b) log,12 =log,(3%4)=log,3+log, 4
4) log, ; =log.x-log,y

Examples:  a) logzlgﬂ =1log,100 -
log,3

10000

b) loglo T = l0g1010000 = log1010

5)log,x? = blog,x

Example 1: l0g1010000 = l0910104 =
41log,p10=14

Example 2: log, (V5) = log, (5%)
== log; (5)

Therefore,  log, (35) = %

The above rules are same for all positive bases.
The most common bases are the base 10 and

17

the base e. Logarithms with a base 10 are
called common logarithms, and logarithms
with a base e are natural logarithms. On your
calculator, the base 10 logarithm is noted by
log, and the base e logarithm is noted by In.

Note: When the base is 10, we do not need to
state it.

Class Activity 2

1) Find the values of the following using
the definition of logarithm and its
properties:

(1) logs16

(i) logs125

(iii) loggl

(iv) logs8

(v) log0.1



2) Assume that log,, 2 =0.3010, find:
(i) log,4

(ii) 109y, 5 |Hint: log,,5 = |oglo%

3) Write each of the following into single
logarithm.

i) log,z—logy,x—logyy

i) 3logpz—1log,x+5logy,y

18

4) If log, 2 = 0.69, log, 3 = 1.10 and
log, 5 = 1.61, find the value of the
following

i) log, V2

i) log, 27

i) logy

iv) log, 15



7.2 LOGARITHMIC FUNCTION AND GRAPHS

Case (2): 0<a<1
The inverse of exponential function is called
logarithmic function. y“
Example, the exponential function y = 2*
has its inverse in the form of x = 2% in ‘
which by logarithm, we write y = log, x. 0 X
Hence, y = 2¥ and y = log, x are inverse
of each other, Their graphs are symmetric
with respect to the line y = x
y oy=o = x Case(2) If 0 <a <1, the graph is a decreasing
o] f 7 function.
{ L B Remember, if y = log, x, then ¥ = x and
1] e X’; oy conversely, if @ = x, theny = log,_ x.
- | v O
T y = logz x Example 1: Find x, a or y as indicated:
- =17 TR i) Findy: y=log,8
il i)  Findx: logyx =-2
AT, i) Finda: log, 1000=3
’ ‘ iv)  Findx:lnx = 2
The equation f(x) = log,x ory = log x Solution:
where x > 0and a > 0buta # 1. _
is called a logarithmic function. ) y =10g,8
- : 47 =8
Domain: (0,%), Range: (~o0,)
(22 = 2°
Note: There are two cases in logarithmic 2y =3
functions. 3
)
Case (1): a>1
‘ i)y logsx=-2
y X = 3*2 — i = 1
/ ¥
> iii log, 1000=3
0 X ) .
a® =1000
1
a=(1000)3
Case(1) Ifa >1, the graph is an increasing a=10
function.

19



iv) In(x) = 2 implies that
log, x =2, then

e? =x,so

x =17.39

Or shortly, if In(x) = 2, then
x = shift In(2)

x =7.39

Class Activity

1) Findy: y= I0918

2

2) Findx: logs x=-2

3) Finda: log,8=0.5

20



7.3 Exponential and Logarithmic Equations

23x—5 =4
equation and log(x+3)+logx =1
example of logarithmic equation.

Example 1: Solve 23*~2 = 5to 2 decimal
places.

Solution: 23*2 =5

Taking log on both the sides, we get
log 23*2 = log 5

(B3x—=2)log2 =1log5

(3x—2)=199°
log2
3X = 2+IOL5
log 2
x=1.44

Example 2: Solve log(x +3)+logx =1
Solution: log(x +3) +logx =1
log[x(x+3)] =1
x(x +3) =10
x2+3x—10=0
(x+5)x—-2)=0
x=-=5or x=2
Since log of negative value is not defined so
x =2

Example 3: Solve
log,| Bx—=7)(x—4)] =3

Solution: log,[ Bx = 7)(x —4)] =3
Bx—7)(x—4) =23
3x2—-19x+28=8
3x2—19x+20 =0
Bx—4)(x—-5)=0

4

x=§ or x=5

is an example of exponential

is

21

Example 4:
Solve In e™* —In(x—3)=1In2

Solution: In e"™* —In(x —3) = In2
In x—In(x—-3)=1In2
X

l =In2
nx_3 n
X =2
x—3
x=2(x—-3)
X=2x—6
XxX=6

Example 5: Solve (Inx)? = Inx?

Solution: (Inx)? = Inx?

(Inx)? =2Inx
(Inx)?-2Inx=0
Inx(Inx—-2)=0

Inx=0 or Inx—-2=0
x=e%=1orx=e?

Class Activity

Solve the following up to 2 decimal places:

1) 2 =1.002%



2) 35172 =7 Ainx =In(2x —1) —In(x —2)

3) logx —log5=1og2—log(x—3)

22



WORKSHEET-7

Section-A

Circle the correct answer in the following
guestions.

(1) If log, 100 = 2, then ‘@’ is equal to

(a) 100

(b) 20

(c) 10

(2) If logs x = —3, then ‘X’ is equal to

1
@ —¢

1
) -5

(c) -15
(3) If y =log, 16, then °y’ is equal to

(a) 4
(b) 2
(c) 12
Section-B

Show your solution step by step in the
following questions.

1) Find x, y or a as indicated in the following:

i) logsx =2

ii) log, 1000 = -3

23

i) y = loge 27

2) Solve the following:
i) logi19(5—x)=3logy,2

i) log, (x> —2x-2) =2log, (x—2)

i) log(x +10) =2 —log x



iv) Inx+In4=1

v) In8—Inx=2

3) Solve the following:
i) 10%**5 =437

24

i) e173% = 9,62

4) A certain amount of money P (principal) is
invested at an annual rate r compounded n
times a year. The amount of money A in the
account after t years, assuming no

nt
withdrawals, is given by A= P(1+ Lj .
n

How many years to the nearest year will it
take money to double if it is invested at 6%
compounded annually (once in year).

Solution:



UNIT 8: LIMITS

8.1 BASIC CONCEPTS OF LIMIT

8.1.1 Functional Notation
In an equation such asy = 3x*+ 2x — 5, y is
said to be a function of x and may be written
as'y =f (x). An equation written in the form
f (X) = 3x2+ 2x — 5 is said to have been written
in functional notation. The value of f (x)
when x = 0 is denoted by f (0), and the value
of f (x) when x = 2 is denoted by f (2) and so
on. Thus when f (x) =3x+2x —5, then
f (0) = 3(0)? +2(0)-5=—5
and  f(2)=3(2)?+2(2)-5 =11 and

so on.
Example 1: If f (x) = 4x?-3x +2 find: f (0)
and f (3) —f(-1)

f(X) = 4x%—3x + 2

then f (0) = 4(0)> -3(0) +2 =2

f(3)=4(3)2-3(3)+2=36-9+2=29

f(-1)=4(-1)>-3(-1)+2=4+3+2=9

f(3)—f(-1)=29-9=20

25

Class Activity 1

1. If f (x) = 6x>—2x +1 find f (-3).

2. 1F (x) = 2x2 +5x —7 find f (2)— f (~1).

3. If f (x) = —x?+3x+6 find f(2+a) and

f(2+a)- f(2)
a




8.1.2 Definition of Limit of a Function

The tendency of a function when its
independent variable approaches some value
is called the limit of a function.

Let f(x)be a real valued function, which is
defined for all values of x close to x = ¢, with
the possible exception of ‘¢’ itself. The
function f (x) has limit ‘L” when x tends to
‘c’ from both sides of °c’, right and left, if
f (x) gets closer to L. Symbolically this is

written as, limf(x) = L.
X—C

Figure 1 Dbelow provides a visual
representation of the mathematical concept of
limit.

Y

t @)

-

f(x)gets [
closer to L /

X

3

—— C——
x approaches ‘¢’ from Right and Left

Fig.1
If limf(x) =limf(x) =1
x—c— x-c+

Then limit of f(x) exists and is equal to L
Thus, limf(x) = L.
X—C
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Example 1:
Consider the graph of the function

y = f(x) = x + 2 in fig.1 below.
v

Fig. 1
When x approaches 1 from both sides, left
and right, the function y = f(x) = x + 2,
approaches 3. Thus, il_T)rll(x +2)=3

Note that without the graph, the same result
can be also obtained by evaluating the
functionforx =1, ie.f(1) =14+2=3



Example 2:

Consider the graph of the function f(x) = %
and verify the limit of f(x) as x approaches
infinity.

y=f(x)
1L

Fig. 2
From the graph in fig.2, as ‘X’ tends to
infinity ' + oo’, the function % approaches
‘0.
Thus xl_l:lrgof(x) =0
and

limf(x)=0
X—+00

Hence limf(x) = 0
X—00
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Example 3:
Now consider the graph of the function f(x) = %
and verify the limit of f(x) as x approaches zero.

A
fx)=y=1/x |

Fig. 3

From the graph in fig.3 above, as ‘x’ tends to
zero from both sides left and right, the graph

of the function y = i approaches the y-axis

but never touches it.
Thus lirorgf(x) = —o00
X

and
ligmf () = +eo

Since lim f(x) # limf(x) we conclude
x-0 x-0"

that liwzzf (x) does not exist.
X



8.2 METHODS OF FINDING LIMITS

Limits can be found Numerically, Graphically
and Algebraically:

Numerical Method

To find the limit ‘L’ of a function f(x) as X

approaches the number ‘c’, we use some
values of x very close to ‘c  and substitute
them in the function.

Graphical Method

To find a limit ‘L’ of a function f(x), sketch

the graph of the function and trace the values of
f(x) as x approaches the number ‘c’ .

Algebraic Method

To find a limit ‘L’ of a function f(x), we use

algebraic techniques which usually involve
simplification and evaluation of the function.

Example 2: Estimate the limit of the following
functions by numerical, graphical and algebraic
methods:

2
i limX
x>l x—=1

Numerical Method

Solution:
x—>1"1 x? -1 x—>1"| x? -1
x—1 x—-1
1.01 2.01 0.9 1.9
1.001 | 2.001 0.99 1.99
1.0001 | 2.0001 0.999 | 1.999
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2

From the table lim X =2

x>l X —

lim
x—1*
hand side limit and left hand side limit

respectively or in general one-sided limits.

Since the two one sided limits of f (x) are same

we summarize our results by saying that the
limit of f (x) as x approaches 1 is 2, written as

Note: f(x) and lim f(x) are called right
x—1"

2

. X
lim =2
x>l X =1

hand side limits are not the same, then the limit

does not exist)

(If the right hand side and left

Graphical Method

]
e

x—>1ex

N\,

2

From the graph IimX _1:2
x>l X =1
Algebraic Method
2_ —

lim % 1:”m(x+1)(x 1)
-1 x=1 x—1 X—1

=Iirrll(x+l)

=2

y=f) =22t



i) limx®—5x
x—1

Solution:

Numerical Method

x —>1" | x® —5x x—1 | x®—-5x
1.01 -4.02 0.9 -3.771
1.001 -4.002 0.99 -3.9797

1.0001 -4.0002 0.999 -3.9979

From the table limx® —5x = -4
x—1

Graphical Method

M

—old

-

I
2
3
A

From the graph Iirr11x3 —5x=-4

Algebraic Method:

lim(x3—-5x)=13-5x1=—4
x-1

iii) lime?*
x—0

Solution:

Numerical Method

X—>0" | e* Xx—>0 | e®
0.01 1.02 -0.01 0.98
0.001 1.002 -0.001 0.998

0.0001 1.0002 -0.0001 | 0.9998

From the table lime* =1
x—0

29

Graphical Method

My

fx) =e*

7|
[
5|
4
3|
2

/

205 0.5 1 1.5
x—>0<x

From the graph ljn(‘)lezx =1

T 2X 0
Algebraic Method: lime~ =e” =1
x—0

Class Activity 2

1. Which of the following statements about

the function y = f(x) graphed below are
true and which are false?

Yy
| y=f(x)

| $—

a) IXLer(X) exists
b) Ixiirgf(x):o
c) IXiLTJf(x):l
d) Ixigl]f(x):l

e) Iximf(x):o



2. In the figure below y = f(x) ¢) lim (3x + i)
x—3 3x
a) Findlim f(x) and lim f(x)
x-2% x—2~

b) Does linzlf (x) exist? Give a reason.
xX—

4. Determine the lirr12h(x) when h is
X

defined as follows:

3x <2
=4 2+ U*

3x + 4, if x>2

3. Determine the following limits

algebraically if they exist:

. 2-9
a) lim (x )
x—>—3 \x+3

b) lim (y—“)

y—-1 \y—1

30



8.3 LIMITS AT INFINITY

For each of the following functions

f,evaluate lim f(x).
X— 00

a) f(x)=5x>
Solution: lim 5x3 = o«
X—00

2

b) f(x)=1+;
L 2\ . (2
Solution: Jim (1+3) = lim 1 + lim (5)

L=1+0=1

(since lim 2= 0)
x—0o0 X

C) f(X) = 2x+3
1 F
- . - x_ —_— i ;_; =
Solution: ;I_I)IOIO (2x+3) - Jll—’nolo <2_x+%> -

N |

1
. 1-- 1
lim|—% )=
X—0 2+;

(Note that lim - =0andlim 3 = 0)

x—oo0 X x>0 X
3x+2
d) f(x) =22
x+2 B+
Solution: lim ( ) = lim [ 222
X—00 x2+x X—00 ﬁ% +§%
3 2
- [xTxz) 0
= lim —T :I =0
X—00 1 E

Class Activity 3

Determine the following limits if they exist.

1) lim (7-25)

X—00

2 lim ()

3) lim (9x% + 2x + 1)
X — 00

4) lim (322

5) lim (%7)



8.4 CONTINUITY OF A FUNCTION

A function f(x) is continuous at x = c if
and only if it meets the three conditions:

1. f(c) exists

2. lim f(x) exists

X—C

3. limf(x)= f(c)

X—>C

The following procedure can be used to

analyze the continuity of a function at a

[1P%2)

given point “c”.
Step 1: Check to see if f(c) is defined, if f(c)
is not defined, then the function is not

(1P

continuous at point “c” and we need go no

further. If f(c) is defined, continue to step 2.

Step 2: Evaluate lim f(x) by computing

X—C

lim f(x)and lim f(x), if lim f(x) does

X—>C— x—c+ X—C

not exist , then the function is not

continuous at point “c”. If lim f(x) exists,
X—C

continue to step 3.

Step 3: If lim f(x) # f(c), then the

X—C

function is not continuous at point “c”.

If lim f(x) = f(c), then the function is

X—C

[IP%2)

continuous at point “c

Note: f(x) is continuous at x =c if

lim f(x) = lim fgx) = f(c)

xX—Cc~ X—C

Example 1:

Determine if the following function is

continuous at:

Q) x=-2
b) x=2
C) x=4

Solution:
a) f(—=2)=-1, ie.f(—2) exists
limf(x) =-1

xX—>=27

lim f(x) =1

x—-2%

lim f(x) does not exist since

xX—>=2

lim f(x) # lim f(x)

x—>=2" x—--2%
Therefore the function is not continuous

atx = -2

b) f(2) does not exist, therefore the
function is not continuous at x = 2
c) f(4) = 2 (exists)
lim f(x) =lim f(x) =2

lim f(x) = 2(exists)
limf(x) =2 =f(4)

Therefore the function is continuous at
x=4



Class Activity 4

In figures 1 - 4 state whether the function

graphed is continuous on [-1,3] or not. If not,

give a reason.

1 I
-1 0 | 2 3
Ans:

» )'

A
y =g

33

3. y
¥y = h(x)
‘\2—\/_Q
1 | ==¢
| I | |
-1 0 1 2 3
Ans:
4, y
y = k(x)
2 B5E

5. Determine whether the function

_( =x%ifx<4
f(x)_{Sx—9ifx>4

is continuous at x = 4

Solution:



WORKSHEET 8

P 2. Evaluate the following limits

a) lim= =

x—6 3

b) lim ©=% =

x—2 X—2

2x-1

From the above graph, c) lim o

a)  Find lim f(x)

x—2*

and lim f(x)

X—2~

d) lim 22 =
x-1 1-x

b)  Does Iirr21f(x) exist?

Give a reason.

. x+1
Q) lim (35)
C) Find lim f(x)

x—4"

and lim f(x)
X—4~
f lim (2y +—
d)  Does Iin}f(x) exist? ) y-2 ( Y zy)

Give a reason.

34



Evaluate the following limits

. x2-9
3. lim =
x—->-3 X+3

x2+x-20
x—4 x4

. 2x-3
5 lim ——— =
x—>1.5 6x2—-13x+6

35

9x—1
3Wx—-1

x—>1
9

7. Determine whether the function

—x%ifx<3

f(x):{4x—8ifx>3

is continuous at x = 3

8. Determine whether the function

(x—2)%ifx<1

1,
i >
o) ifx=>1

=

has alimitwhenx = 1



9. What is lim — 9 Consider the following graph and answer the
xX—oo X—

questions from 11-13:

)

F aL2)

//
1+ o\
(1,1 \
X |
10. What is lim —— ? N O i
x—>oox2+1

11.

a) Does f (1) exists?

> X

0L
PO~

b) Does Ixi m f(x) exist?

c) Does IXi Im f(x) =f(1)?

d) Isfcontinuousatx = 1?

12.

a) Isfdefinedat x = 2?
b) Is f continuous at x = 2?
c) What value should be assigned to

f (2) to make the function continuous at

x =27

36



13. Determine the intervals in which the
function is continuous.

37

14. For the function f(x) defined below,

determine the value of b so that lirré f(x)
xX—

exists.
2x —3ifx <5
=12
f& Sx+bifx>5



UNIT 9: DIFFERENTIATION

9.1 THE GRADIENT (SLOPE) OF A
CURVE
(a) A tangent line is a straight line that

touches a function at only one point
(Fig.3.1). The tangent line represents

the instantaneous rate of change of the
function at that one point. If a tangent is
drawn at a point P on a curve, then the
gradient of this tangent is said to be the
gradient of the curve at P. In Fig. 3.1, the
gradient of the curve at P is equal to the

gradient of the tangent PQ

=W

Fig. 3.1

38

(b) For the curve shown in Fig. 3.2, let the

points A and B have co-ordinates (x,,y;) and

(x,,y,), respectively. In functional notation,

y1 =f (x1) and y2 = f (x2) as shown.
The gradient of the chord AB (secant line)
(straight line joining A and B)

_BC _BD-CD _ f(x)—f(x)
AC ED X, — X,
Flx) &

fxz)

Fig. 3.2

(c) For the curve f(X) = X? shown in Fig. 3.3

.I‘[I:I &
10

AL

¥2



fR)-f@ 9-1
3-1 2

AB = 4

(i) The gradient of the chord

fQ-f@a) 4-1_
2-1 1

AC = 3

(iii) The gradient of the chord

f(L5)- f(1) 225-1
15-1 0.5

AD = 2.5

(iv) If E is the point on the curve
(1.1, f(1.1)) then the gradient of the chord

fan-f@Q) 121-1
11-1 0.1

AE = 2.1

(v) If F is the point on the curve

(1.01, f(1.01)) then the gradient of the chord

f(LOD- f(1) 1.0201-1
1.01-1 0.01

AF = =2.01
Thus, as point B moves closer and closer to
point A, the gradient of the chord approaches
nearer and nearer to value 2. This is called the
limiting value of the gradient of the chord AB
and when B coincides with A the chord

becomes the tangent to the curve.

Therefore, the limit of the gradient(slope) of
the chord AB = value of the gradient of the

tangent line at point A, which is equal to 2.
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9.2 DIFFERENTIATION FROM THE FIRST PRINCIPLES

Introduction

Calculus is the mathematical study of
continuous change, in the same way that
Geometry is the study of shape, and Algebra is
the study of generalisation of arithmetic
operations. Two mathematicians, Isaac Newton
of England and Gottfried Wilhelm Leibniz of
Germany share credit for having independently
developed the calculus in the 17" century.
There are two branches of calculus:

1. Differential calculus, which deals with
finding the rate of change of a quantity
and,

2. Integral calculus, which deals with
finding the quantity when the rate is
known.

In this section, we shall be limited to the study

of Differential calculus only.

(i) In Fig. 4.1, A and B are two points very
close together on a curve, Jx (delta x) and Jy
(delta y) representing small increments in the x
and y directions, respectively.

The gradient of the chord

& _ F(x+x)-f(x)
X P

AB =

40

Fa
/Er[x-ﬁx:y-ﬁy]
Y
Ax ) flx + 6%)
'1__—P'
fl’f] X
¥ >
0 X
Fig. 4.1

As point B moves closer to point A, ox
approaches zero and dy/0x approaches a
limiting value and the gradient of the chord
approaches the gradient of the tangent at A.
(it) When determining the gradient of a
tangent to a curve there are two notations
used. The gradient of the curve at A in Fig. 4.1

can either be written as:
Iimitﬂ
&0 X

limi

X—0

or

‘[f(x+5x)—f(x)}

X

o 4 .5
In Leibniz notation, = = limit <X
dx Sx

85x—-0

In functional notation,
F1(x) = I;mg{ f(X+ox)— f (x)}

X
(i) % is the same as f'(x) or y'and is called

the differential coefficient or the derivative.
The process of finding the differential

coefficient is called differentiation.



Summarising, the differential coefficient,

dy , . .0y
ax ~J )= lmit=
i [fEH D) ~ f(0)
= limit
6x—0 5)6

Example 1: Differentiate from first principles
f (X) = x* and determine the value of the
gradient of the curve at x = 2

To from first

Solution: ‘differentiate

principles’ means ‘to find f'(x)’ by using the

f(X+ oK) — f(x)}
X

expression f'(x) = Iimi\[

X—0

Here f(x)=x?

f(x) = |imit{w}

K—0 X

= limit
&X—0

X% + 2XX + X2 — X2
X

. [2x8x+6x2]
1t

= lim
ox

5x~0

=6}Ci_r)r(1)it[2x + dx]
=2x+0=2x

Thus f'(x) = 2x, i.e. the differential

coefficient of x2is 2x. At x = 2, the gradient of

the curve,

f(x)=2(2) =4

Note: ‘differential coefficient’, ‘finding the

derivative’, ‘finding the gradient’ all have

same meaning.
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Class Activity 1

1. Using first principles, find the differential

coefficientof y = 4x

2. Find the derivative of y = 8, using first

principles.

3. Differentiate from the first principles
f(x)=2x



9.3 METHODS OF DIFFERENTIATION

Differentiation from first principles can be a
lengthy process and it would not be convenient
to go through this procedure every time we
want to differentiate a function. Instead, we
better use rules of differentiation which were
derived from the definition of derivative or

from the first principles.

9.3.1 General Rules of Differentiation

a()
dx

1. = (0 where c is any constant.

Example: If y = 5, then

dy _d(S) _
dx  dx
d _ d f(x)
2. lafo]=a"

Example: If y = 7x, then
d_y _d(7x)  7d(x) _ .
dx dx dx
3. The Power Form:
dx")
dx

nxn—l

Example: If y = x3, then

dy d(x*)
dx  dx

=3x371 =342

4. Derivative of Sum or Difference of Two

Functions

d ! !
dx [f(x) £ g()]=f'(x) £ g'(x)
Example: If y = x> — x + 4, then

dy _d(x) _dR)  d@)

dx dx dx dx =2x—1

42

5. Derivative of a Product

d
dx [f(x).g(x)] = f(x).g'(x) + g(x). f (x)

or
d — du _ '
dx[u.v)] =U— tv._—=uv +uv

where u and v are two different functions of

X.

Example: If y = 2x vx + 2, then

dy d d
oy = 2% a(\/x+2) + \/x+2.a(2x)

= 2x E (x+2)~"/2 (1)] + Vx+2 (2)

X
= + 2Vx + 2
Vx + 2

6. Derivative of a Quotient
When y = % where u and v are both

functions of x, then

d_u - @ [} ’
y, _ Q _ Vix ~ Yaix _ uv-w
dx v2 v2
. . f(x)
alternatively, if y = ——=,
Yy =4

dy _ g@f ®)-f(x)g'®)

then 2. O



xZ-1

3x

Example: If y = , find Z—z.

. 21 . .
Solution: X3—X, is a quotient.

Letu=x%—-1 and v = 3x

y = dy _ v%—u% _ 3x$—(x2—1)%
dx v2 (3x)*
_3x(2x) = (x* = 1(3)
B 9x?
6x2-3x2+3
- 9x?

_ 3x%43 _ 3(x%+1)
9x2 3(3x2)

x%4+1
3x2

LAy
Tax

Class Activity 2

Differentiate the following functions:

1. y=3x*—-2x+3

3.y=(4x*)Vx+1

43

9.3.2 Differentiation of function of a
function (composite functions)

Ify = f(u) and u = g(x) then

dy _dy du

dx du dx

This is known as the function of a function rule
(or sometimes the Chain Rule). It is often
easier to make a substitution before
differentiating.

Example 1. Find the derivative of
y=(Bx—-1)°

Solution: if y = (3x — 1)° then, by making
the substitution u = (3x — 1), we get y = u°®,

which 1s of the ‘standard’ form.

H Y _ 5t ang =3
ence, du =ou’" an dx =
dy dy du 4 4
Thel’l,a = E X a = (5u )(3) = 15u
Rewriting u as (3x — 1) gives:
d
&_ 15(3x — 1)*
dx



Since y is a function of u, and u is a function of

X, then y is a function of a function of x.

Example 2. Find the derivative of
y = (4t3 — 3t)°
Solution: Let u = 4t3 — 3t, then y = u®

d du
—y=6u5 and — = 12t%2 -3

H
e dt
Using the function of a function rule,
dy dy du 5 5
— = X — = —
7t " an X d@ (6u>)(12t* — 3)
Rewriting u as (4t3 — 3t) gives:
d
d—{ — 6(463 — 36)5(12¢% — 3)

= 18(4t3 — 3t)°(4t% — 1)

the differential
coefficientof: y =v3x2 +4x — 1
Solution: y = V3xZ +4x — 1

or y=(3x%+4x—1)Y/?

Example 3. Determine

Letu = 3x% + 4x — 1 then y = u'/?

Hence

dy 1 _, 1 du

— =—yY2=—— and —=6 4
™ Zu 2\/aan dx X +

Using the function of a function rule,

dy dy du 1
_— = — —_— = | — 4
dx duxdx (2\/5)(6x+ )
_3x+2_ 3x+2
Vu V3x2+4x—1
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The General Power Form:
From the Chain Rule, the General Power
form can now be written as:

du™) _ n-194 @) _
- nu T where u = f(x).

Example: If y = (2x3 — 5x)°, find %.

Solution: Letu = 2x3 —5x, andn =5

& _ 6x2—5
dx
d(u™) )
dx nu dx
dy

—= = 5(2x3 — 5x)*(6x? — 5)

dx

Class Activity 3

Find the derivative of the following functions:

1. y=(02x—-1)°

1

2.y = (x3-2x+5)5
3. y=V6x—2



9.3.3 Derivatives of Trigonometric

Functions

1. —(sm u)=cosu. —u where u = f(x).

d d@w
2. ™ (cos u) =-sinu. ™
4 — secy W
3. ™ (tanu) = sec” u. ™
Extra Rules
i — pep2qy 2@
4. (cot u) = —csc°u n
5. —(sec u) =secu.tanu dd(:)
6. —(csc u) = —cscu.cotu dd(:)

Examplel: Find the derivative of y = sin 3x.

Solution: Use — (sm u)=cosu. d(;‘)
u = 3x

dy _ da

—, = cos 3x. ™ (3x)

dy

— =3 cos 3x.

dx
Example2: Find Z—i’ of y = tan 2x.

ion: 4 — sec®y 1@

Solution: Use ™ (tanu) = sec“ u. ™

d—y = sec? 2x. i ~(2x)
dy
dx

= 2 sec? 2x

9.3.4 Derivatives of Exponential Functions

Let a be any real number but not zero and

u=f(x)

u d (u)
1—(a)—a Ina.—= -
d , un 4 dW

2.—dx(e )=-¢e —
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Examplel. Given y = 4°°°* | find d—z.

d@

Solution: Use—(a“) = a" lna. ™

dy _ scosx e
=4 (In4) = (cosx)

dx
Z—i = 4°%%X(In4) (—sin x)
Z—i = —(In4) 4¢°s*sin x

d
Example2. Find é of y = 2% .

Solution:
dy 2x 4
=€ (2x)
AR P
dx

9.3.5 Derivatives of Logarithmic Functions

Let a be any real number but not zero and

u=f()

d 1 d@

1 dx (loga u) " ulna dx
@y = L 4@

2. ™ (Inu) = i

Examplel. Find the derivative of

of

=log,(V3x +4)

Solution:
y = leogz( 3x +4) by properties
logarithm.

dy 1 d

= {log,(3x +4)}

dy _ 1 d (3x+4)

dx 2(3x+4) In2 dx

@ov_ 3

dx  2In2 (3x+4)



Example2. Find the derivative of

4. y =+vx3In3x
y =In (sinx).
: d 1 d ()
Solution: Use — (Inu) = -
dx( ) u dx
dy 1 d .
- = — (SInx
dx sinx dx ( )
dy 1 d(x) cosx
—_— = — COSX —= = —
dx sinx dx sin x
d
ol = cotx
dx
1-Vx
5.y = "

Class Activity 4

Find the differential coefficient or derivative
of the following functions:

1 y = 2sin3x — 4 cos2x

6.y = log;(5x — 3)*

2. y = 3x%sin 2x

2cos3x
7.y = e
3. y = In(cos 3x) 8. y = etanx
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9.3.6 Interpretation of Derivative

1) The Derivative represents the gradient
(slope) of the tangent line to the curve at a

specific point on the curve.

Example: Find the gradient of the curve y =
x3 + 4x? + x — 2 at the point (1, 2).
Solution: we have y = x3 + 4x% + x — 2 so
the gradient =
dy

dx
and at the point (1, 2), we have x = 1

=3x2+8x+1

Thus, the slope or gradient at the point (1, 2) =
3()2+8(1)+1=12

Example: Determine the co-ordinates of the
point on the curve y = x? — 5x — 7, where the
gradient is —1.

Solution: When y = x% — 5x — 7 then

dient =% = 2x _5
gradient = -~ = 2x

Since gradient is —1 so 2x — 5 = —1 which

gives x = 2

When x = 2 theny = (2)2 —5(2) — 7
=-13

Therefore, the gradient is —1 at the point
(2,-13)
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Class Activity 5
1. Find
y=2t*+3t3—-t+4

of
at the point (0, 4).

the gradient the curve:

2. Find the differential coefficient of

y = 4x* +5x—3 and determine the
gradient of the curve at

x = —3

3. Find the co-ordinates of the point on the
graph y = 5x? — 3x + 1 where the gradient is
2.



9.4 APPLICATIONS OF DERIVATIVES

In this section, we look at the application of
derivative by focusing on the interpretation
of derivative as the rate of change of a
function.

Example: Find the rate of change of y with
respect to x given: y = 3v/x In 2x

Solution: The rate of change of y with respect
. . dy

to x is given by e

y=3VxIn2x =3x"Y2In2x, which is a

product.

Letu = 3xY2 and In2x

Then the product rule:

dy d(uv) dv+ du -
dx ~ dx _udx vdx—uv vi
gives:

dy o1 (1) ( 1 1/2-1)
I —(3x ) o + (In2x) 32x

dy
dx

3
= 3xV/271 4 (In2x) (Ex‘l/z)

dy

3
— 2,.-1/2 2 -1/2
I 3x + (In2x) (2 X )

dy

1
= -1/2 1 —[n2 )
I 3x ( +Zln X

. dy 3
lL.e. = —

1
E \/E(1+§ln2x>

In Physics, derivatives are applied to
calculate Velocity and Acceleration. In linear

motion, velocity is the rate of change of
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position and acceleration is the rate of change
of velocity.

Definition:

Let s(t) be a function giving the position of
an object at time t:

1. The velocity of the object at time t is given

by v(t) = = = 5'(£)
We find the velocity at any instant or point
by looking at the slope of the tangent line

on a position curve

L 3

Position

The slope of this line
is the velocity at that
instant / point

Time
Example: The distance s moved by a body
in t seconds is given by s = t3 — 3t2.
What is the velocity of the body after 5
seconds?

Solution: The velocity of the body at time t

is given by v(t) = %

Since s = t3 — 3t?, then

_ds _ 2
v(t) =— = 3t> -6t
When t = 5, gz 3% 52— 6Xx5 =45

Therefore the velocity of the body after 5

seconds is 45m/s



2. The acceleration of the object at time t is

given by a(t) = % =v'(t)
We find the acceleration at any instant or
point by looking at the slope of the tangent

line on a velocity curve.

Velocity

The slope of this line
is the acceleration at
that instant / point

Time

Example:

The distance s moved by a body in t seconds
is given by s=1t3—3t%. What is the
acceleration of the body after 3 seconds?

Solution: The acceleration of the body at

time tis given by a(t) = % = v'(t)
Since v(t) = &

= 3t? — 6t, then
dt

a(t) === 6t—6

T 6x3—6=12

at

When t = 3,

Therefore acceleration of the body after 3

seconds 12m/s?
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Class Activity 6

1. An alternating current is given by

i = 5sin100t amperes, where t is the time in
seconds. Determine the rate of change of
current i when t = 0.01 seconds.

(Round off answer to 1 decimal place)

Solution:

2. Determine the rate of change of voltage,
given v = 5t sin 2t volts, when t = 0.2
(Round off answer to 3 significant figures)

Solution:



3. A particle moves s metres in t seconds
according to the relationship s = t3 — 7t —
3

a) find the velocity of the particle after 5
seconds

b) find the acceleration of the particle after 3

seconds
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4. The distance s moved by a body in time t
is given by the function s = 40t — 5t2.
Calculate the time taken for the body to

come to rest.



WORKSHEET 9

In problems 1 to 5, determine the differential
coefficient with respect to the variable.

1. y=2x3—-5x+6

2. y=5x+vx+3
1
3. y=x—+
3x% + 5x —2
b y="7F
5. y =1y = ecosx

6. Determine the gradient of the curve
y=—-2x3+4x+7atx=-15
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7. Find the co-ordinates of the point on the
graph y = 5x? — 3x + 1 where the
gradient is 2.

8. Find the gradient of the curve y = 2cos %x

atx =2
2

9. Determine the gradient of the curve

y =3sin2x atx = g

10. Differentiate with respect to x

2e*In2x



11. Determine the derivative of 16. Determine % for the function:
d

X

= In(sin 2
y = In(sin 2x) y=VZT3 %

12. Differentiate y = (x2 + 1)cosx

17. Determine the rate of change of voltage,
given v = 5t sin 2t volts, when t = 0.2

2
13. Differentiate y = 21
x+1
18. Power P and voltage V of a lamp are
related by P = aV? where aand b are
constants. Find an expression for the rate of
change of power with voltage.
14. If y = 295X getermine 2
X dx

15. Differentiate y = (x3 — x)~3
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